We report on Landau level spectroscopy studies of two HgTe quantum wells (QWs) near or at the critical well thickness, where the band gap vanishes. In magnetic fields up to B=16 T, oriented perpendicular to the QW plane, we observe a √ B dependence for the energy of the dominant cyclotron resonance (CR) transition characteristic of two-dimensional Dirac fermions. The dominant CR line exhibits either a single or double absorption lineshape for the gapless or gapped QW. Using an effective Dirac model, we deduce the band velocity of single valley Dirac fermions in gapless HgTe quantum wells, vF = 6.4 × 10 5 m/s, and interpret the double absorption of the gapped QW as resulting from the addition of a small relativistic mass.
Since the Dirac-like character of the low-energy band structure in graphene was first demonstrated [1, 2] , there has been a continuous search for other Dirac-fermion materials. It has been shown that two-dimensional (2D) Dirac fermions can be realized in HgTe-based semiconductor quantum wells (QWs) with an inverted band structure and vanishing band gap [3] [4] [5] [6] . Unlike graphene, which has two spin-degenerate massless Dirac cones at two inequivalent corners of the first Brillouin zone, gapless HgTe QWs possess a single spin-degenerate Dirac valley at the zone center, thus offering a model system for studying 2D Dirac fermions without inter-valley scattering [6, 7] . Recent magneto-transport measurements performed on HgTe QWs with a critical well thickness (d c ) where the band gap vanishes have provided experimental evidence of a single Dirac valley in the system, and Hall measurements show the anomalous sequence of quantum Hall plateaus specific to 2D Dirac fermions [6] .
In a system of 2D Dirac fermions subjected to a perpendicular magnetic field B ⊥ , a zero-field continuum of electronic states with the characteristic linear dispersion E = ±v F k transform into a set of unequally spaced Landau levels (LLs) [8] [9] [10] with energies E n = sgn(n) 2|n|v F /ℓ B , where the band velocity, v F , is the slope of the Dirac cone at B = 0, and ℓ B = c/eB ⊥ is the magnetic length. The LL index n = ..., −2, −1, 0, 1, 2, ... describes the states in the conduction (n>0) and valence (n<0) bands, as well as the unusual n = 0 LL which is located at zero energy. In graphene, the distinctive √ B dependence of LL energies has been probed by infrared (IR) cyclotron resonance (CR) experiments, enabling direct and accurate measurements of the band velocity v F [11, 12] .
Previous magneto-spectroscopy studies of HgTe QWs have either been performed on samples relatively far from the critical well thickness [13, 14] , d c ∼ 6.2 − 6.6 nm, or only probed the inter-LL transitions at low magnetic fields with monochromatic THz light sources [15] [16] [17] . The extracted gap value as a function of nominal QW thickness for both optical and transport studies on HgTe QWs near d c is summarized in Fig. 1 . In this Letter, we present the low-temperature IR magneto-spectroscopy data obtained from two HgTe QWs at and near the critical thickness corresponding to either a gapless or smallgap state (Fig. 1) . We observe that the dominant CR lines follow a √ B dependence over the whole range of studied magnetic fields, up to 16 T. For both samples, the same slope is extracted from the CR energy versus √ B curve, while a single-or double-Lorentzian CR absorptions are observed for the gapless or gapped HgTe QW, respectively. The results are described as CR transitions between the n=0 and n=1 LLs of 2D Dirac fermions with the same band velocity v F = 6.4 × 10 5 m/s and either zero or small, finite relativistic masses.
The two QW samples studied in this work were grown by molecular beam epitaxy on [013]-oriented GaAs substrates, with nominal well widths of d = 6.6 nm (sample A) and 6.5 nm (sample B). In order to accommodate for lattice mismatch, buffer layers of ZnTe and CdTe were grown on top of the substrate. A schematic of the QW structure is shown in the inset of Fig. 2 [16, 17] .
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FIG. 1.
Dependence of the HgTe band gap, Eg, on the QW width near dc. The solid line shows Eg(d) from k·p calculations in Ref. [5] for QWs grown on the [001]-oriented GaAs substrates, yielding dc ≈ 6.3 nm. Symbols are extracted from transport (open) or CR (solid) experiments. The bottom axis is for QWs grown on either lattice matched CdZnTe [6, 7] or [001]-oriented GaAs substrates [5, 13] , while the top axis is for [013]-oriented GaAs substrates [14, 15] . To compare our results to the Eg(d) dependence for QWs grown on differently oriented substrates, the top axis is shifted by −0.3 nm with respect to the bottom axis. Inset: Low-energy band structure of HgTe QW at the critical well thickness.
Faraday configuration at 4.2 K with the magnetic field applied perpendicular to the QW plane. The spectra are recorded by a Fourier-transform spectrometer with a resolution of either 4 cm −1 or 6 cm −1 using a magnetooptical setup similar to that described in Ref. [11] . The transmitted IR radiation is measured by a composite Si bolometer mounted directly beneath the sample. The spectra acquired at constant B ⊥ are normalized by the transmission at zero field, T B /T 0 , in which CR manifests itself as an absorption dip.
The normalized magneto-transmission spectra of the HgTe QWs are presented in Fig. 2 . Outside the opaque reststrahlen-band regions of CdTe (150-160) cm −1 and GaAs (270-310) cm −1 , the spectra show the characteristic √ B ⊥ -dependent CR lines (see also Fig. 3 ), expected for 2D Dirac fermions. At low magnetic fields, below 1 T, both samples display very similar behavior, exhibiting a single CR line. In sample A, the CR line is visible down to the lowest measured field of B ⊥ = 0.4 T, allowing us to estimate a mobility of µ > 2.5 × 10 4 cm 2 /Vs using the semiclassical condition, µB ⊥ ≥ 1. We note that, while this value is several times smaller than the mobilities reported in similar QWs [5-7, 14, 16, 17] , we were unable to measure lower fields because the CR line moves into an opaque region of the spectra.
When the magnetic field increases above ∼ 1 T, the low-field CR series (labeled T 2 ) disappears and a new CR line series (T 1 ) becomes dominant. In Fig. 3(a) we plot the CR energies, determined from Lorentzian fits to the spectra of sample A in Fig. 2(a) , as a function of √ B ⊥ . Here the T 1 CR series exhibits a clear linear dependence in a very broad range of magnetic fields (or equivalently transition energies). The extrapolated linear trend intersects the y-axis at zero energy. Contrary to the single CR line behavior in sample A (d = 6.6 nm), the high-field CR in sample B (d = 6.5 nm) splits into two components. These two high-field CR transitions, T ± 1 , also show a linear relationship with √ B ⊥ , forming two parallel lines that have the same slope as the T 1 line in sample A but shifted by ±2.5 meV, as shown in Fig.  3(b) .
Considering the selection rules of IR-active transitions in graphene [11, 18] , |∆n| = 1, and n-type doping in our samples, the observed CR series (T 1 and T 2 ) can be assigned to the (0→1) and (1→2) inter-LL transitions, respectively. At B > 1 T, Fermi energy shifts from the n=2 LL to n=1 LL due to the increasing LL degeneracy with the magnetic field, enabling the (0→1) transition but blocking the (1→2) transition. The T 1 series in both samples perfectly fits the transition energy between n=0 and n=1 LLs of massive Dirac fermions:
Good agreement with the data is illustrated in Fig.  3(a,b) , where the dashed lines plot the CR energies calculated with the Dirac mass M=0 (sample A) or M=2.5 meV (sample B) and the same band velocity, v F = 6.4 × 10 5 m/s. The T 2 series, however, does not follow the expected √ B dependence. Next we show that all observed CR transitions can be quantitatively described within the analytical model of Bernevig, Hughes and Zhang [3] . Following [3] [4] [5] [6] , the effective Hamiltonian for the lowest energy electron (E 1 ) and hole (H 1 ) subbands near the Γ-point consists of two uncoupled blocks
where 1 denotes the unit matrix and σ j are the Pauli matrices acting in the E 1 and H 1 subspace [3] . The material parameters A, B, C, D, and M generally depend on the QW thickness and the substrate orientation. The only parameter which changes sign at the critical thickness of the QW is the Dirac mass M. In the presence of an external magnetic field B ⊥ oriented perpendicular to the QW, as in our experiment, we make the Peierls substitution, p → p − e c A, where in the Landau gauge A = B ⊥ yx. In addition, we add the Zeeman term [4, 6] ,
, where µ B is the Bohr magneton, g = g e 0 0 g h , and g e (g h ) are the effective g-factor
Solving the eigenvalue problem [4, 6] for the upper block gives LL energies for n ≥ 1:
where
c/eB ⊥ is the magnetic length, α = +1 for conduction band and −1 for valence band. In the following, the reference energy is set to zero (C=0) since it does not factor into energy differences probed by CR.
It is instructive to analyze Eqs. (3) (4) (5) by first setting M=B=D=g e,h =0, when one recovers the familiar LL spectrum for massless Dirac fermions, E n = sgn(n) √ 2nA /ℓ B with the band velocity v F = A. Lifting the restriction M=0 opens a gap at the Γ-point of ∆E = 2M, which can be positive for conventional band structure (M>0) or negative for inverted band structure (M<0). In the small B ⊥ -field limit, the A( √ B ⊥ ) term dominates over B and D (terms linear in B ⊥ ), and the system behaves like a massive Dirac fermion with the Dirac mass M, band velocity A and an effective g-factor reflecting the B ⊥ linear contribution. When plotted as a function of √ B ⊥ , the energies of the fundamental CR associated with (0 ± → 1 ± ) transitions appear as two nearly parallel lines and their separation provides a precise measure of the gap and the Dirac mass. It is worth mentioning that the observed double-peak CR structure can be explained using either M = 2.5 or M = −2.5 meV. In other words, our data does not allow one to distinguish between the case when the system has a small normal gap or small inverted gap. However, based on nominal thickness estimations the sample with a smaller QW width (sample B) is expected to have a normal, i.e. noninverted, band structure.
Fitting the (0→1) and (1→2) transition energies to the experiment, we find that the effective Dirac Hamiltonian of Eq. (2) describes the data for both samples very well by varying only the Dirac mass M, while keeping all other parameters identical (A=6.4×10 5 m/s, B=495 meV nm 2 / 2 , D=345 meV nm 2 / 2 , g e =50, and g h =1). We only observe a single CR line in the T 2 series because at low magnetic fields, B ⊥ < 1 T, the spin-up and spin-down (1→2) transition energies differ by less than 0.1 cm −1 , which is much smaller than the CR line width.
In Fig. 4 we plot the calculated LL spectrum for both samples. Notice that addition of the mass term in sample B causes the n = 0 + (0 − ) LL to shift up (down), while the LLs for n>1 are relatively unaffected. The CR transitions probed in this work are marked by arrows. The corresponding CR energies are plotted as solid lines in Fig. 3 , demonstrating excellent agreement with the experimental data. Moreover, this model accurately reproduces the field dependence of the CR transitions involving conduction band LLs calculated from the 8×8 Kane model for similar narrow-gap HgTe QWs grown on [013]-oriented GaAs substrates reported in Ref. [14] by simply adjusting the value of a Dirac mass (M=7 meV). However, this approach fails to represent the LLs in the valence band. This is expected since the model does not take into account the strong conduction/valence band asymmetry. Close to the critical thickness, it fails to describe the valence band LLs at magnetic fields above ∼ 2 T due to a strong deviation from the linear band structure for energies above 30 meV.
In summary, we have performed CR measurements in gapless HgTe QW and observed a characteristic √ B dependence of CR energies in high magnetic fields, signifying the presence of massless Dirac fermions in a single valley system. When the width of the QW deviates slightly from the critical thickness, a small band gap occurs along with an effective Dirac mass. We show that the low-energy CR transitions of HgTe QWs near or at the critical thickness can be quantitatively described by an effective Dirac model, making it a valuable tool for future band-gap engineering of similar materials. 
